The category of all left ϋί-modules is denoted by R a module M is called a cogenerator in B^f if every module of R is isomorphic to a submodule of a direct product of copies of M. If Me R^f , then E(M) or E R {M) denotes the in jective hull of M. It is well-known (see [15] ) that an in jective module E over a left noetherian ring R is a direct sum of injective and (directly) indecomposable left lϋ-modules. Furthermore, the direct summands appearing in such a decomposition are unique up to an automorphism of E. Thus, the set of all isomorphism classes of indecomposable injective submodules of the injective hull E(M) of a module M is an invariant of M, and we denote by π(M) a, set of representatives of these classes. {meM\m/^fR). C(M) = heart of M = ϋίnΠ^jtHo^w^u/))) ker/3. Z = ring of integers. ikf= Goldie-dimension of the module M (see [7] and [8] ). The tertiary radical terL of a left ideal L is the set of all elements r e R such that for every b $ L there exists an element a e Rb, a£ L with rRa
. L is called tertiary if every element which annihilates a nonzero submodule of R/L belongs to terL, it is primary, if every such element belongs to rad L. If L is tertiary, then ter L is a prime ideal (see [4] ). Since rad L is always contained in terL, primary left ideals are tertiary, the converse, however, is not true in general. Furthermore, in general L is neither contained in rad L nor in ter L. It is well-known that all tertiary left ideals of a left noetherian ring R are primary if and only if R has the Artin-Rees-property for left ideals, that is, for every left ideal L, every two-sided ideal J, and every nonnegative integer n there exists a nonnegative integer m = m(L, I, n) such that I m πL g I n L. Finally, we call a ring R local if it has exactly one maximal left ideal, which is equivalent to the fact that R/J is a division ring.
2* Admissible and strictly admissible modules* In [11] it was shown that submodules, injective hulls and direct sums of admissible modules over a left noetherian ring are admissible. In general, however, epimorphic images of admissible modules are not necessarily admissible. This follows from [11, Folgerung 2.8 An ascending series of submodules of the module M is a set of submodules {N a \ a e A} with the following properties: (1) N o = 0 and JVg = M for some &eA.
(2) N a C N a+1 for each a < @. (3) N λ = \J a<λ N a for limit ordinals λ. PROPOSITION by [11, Lemma 1.9] . Since M is strictly admissible, there exists a completely prime ideal P a _ γ of R such that P a __ t = {Rrx)/ = (rx)/ for an element 0 Φ xeN/Na^ and all r$x/ (see [11, Satz 2.6] 
τhen there exists an index @ such that JV @ = iV @+1 , whence ch (N/N^) = 0, and thus N = iV 6 since iϋ is left noetherian.
(2) -* (3): If ΛΓ is a nonzero homomorphic image of N and {ΛΓ α | a e A} an ascending series of submodules of N of the type described in (2) , let N aQ denote the first nonzero element of this series. It is clear that a 0 is not a limit ordinal, and hence N ao _ t = 0. Thus N ao = NaJNa^czR/Pa^, and since P aQ -ι is completely prime, N ao is admissible. Since a is not a limit ordinal, P e ch (NJN a^) U ch (N a^)f whence P e ch (N a /N a^) = {P a _J. The second inclusion follows from (N a+1 /N a )s 2 Λί/ f°r aU aeA.
In general, however, ch (ikf) ^ {P α | α G A} ^ supp (M). If, for example j) t denotes the i-th prime number and (pj the ideal of Z generated by p i9 then M = φZ/(Pi) is a strictly admissible Z-module with ascending series N k = φj =1 2/(Pi) and
On the other hand, the left -module Z has the ascending series 0cz2ZaZ with factors Z/(2) and 2/(0), whereas ch (Z) = {(0)}. In general, however, the following is true: PROPOSITION 
Proof. The equivalence of (3) and (4) (
1) Every left R-module is admissible. (2) R/N is a strictly admissible left R-module. (3) Every injective indecomposable left R-module E is isomorphic to E R (R/P) for some prime ideal P. (4) i?/ter L is R-isomorphic to a submodule of R/L for every irreducible left ideal L. (5) Every tertiary left ideal L is E R (R/ter L)-homogeneous.
Proof. Trivially, (2) follows from (1). Assume (2), and let E be an injective indecomposable left iϋ-module with ch (E) = {P}. Then P = (Rrx)/ for some element 0 Φ X e E and every r $ x/.
(R/L) is injective and indecomposable for every irreducible left ideal L, it follows from (3) that E R (R/L) ~ E R (R/P)
for some prime ideal P. Since R/P is a left noetherian left uniform prime ring, P is completely prime by [7, Lemma 3.3 and Lemma 3.8] . This implies the admissibility of R/L by [11, Hilfssatz 2.4 ]. Since L is irreducible, L is tertiary, and since ch (R/L) -{P}, it follows that ter L -P. Since P = x/ for some element 0 Φ x e R/L by the ad- 
(5) -* (1): Let !£ be injective and indecomposable with ch (E) -{P}, and let x Φ 0 be an element of E. Since %/ is a tertiary left ideal with ter %/ = P, it follows from (5) that E = E{Rx) ~ E{Rx/) Ẽ R (R/P). Since R/P has no zero-divisors by [ 3* A characterization of reduced left artinian rings* Following [2] , we call a ring R reduced if R/J is a direct sum of division rings. These rings deserve some interest, since the problem of constructing all rings with minimum condition on left ideals can be reduced completely to that of constructing all reduced rings with minimum condition on left ideals (see [2] and [9] ). The purpose of this section is to give a characterization of reduced left artinian rings by certain properties of the category of their unitary left modules. PROPOSITION 
The following properties of a prime ideal P of the left noetherian ring R are equivalent:
(
1) P is a completely irreducible left ideal. (2) Every left R-module M with ch (M) -{P} is admissible and has nonzero socle.
(3) P is a maximal left ideal. j(a) P is completely prime. It is obvious that (4) follows from (3). (4)->(1): Since P is completely prime, P is an irreducible left ideal by [8, Proposition 4.2], and hence S(R/P) is the intersection of all nonzero submodules of R/P. Since S(R/P) Φ 0 by assumption, it follows that P is completely irreducible. PROPOSITION 
If I is a semi-prime ideal of the ring R with maximum condition on left ideals, then:
(a) R/I is an irredundant (see [14] ) subdirect sum of finitely many prime rings R { = R/P if i -1, •••,%.
(b) ch,, (22//) = {P 19 . , P n ) and P, £ P 3 , if i Φ j.
Proof. By [14, Th. 3.2] , R = R/I is the irredundant subdirect sum of prime rings R a , a e A, and the kernels of the projections R-*R a are the maximal annihilator ideals P a of R. The proof of Theorem 3.2 in [14] shows also that Γi aeA Pa = 0. If P a = PJI for an ideal P a of 22, then every P a is a prime ideal of R. Let since ker<^ = 2. Thus, P α = (LJI)s(R), whence P a e ch^ (22/2). Since P α is a maximal annihilator ideal in R, P a is maximal in ch^ (22/2). Since ch^ (22/2) is finite by the maximum condition on left ideals in 22, A is finite. Since 1= ΓϊaeAPa, and since every ideal associated with the left 22-module 22/2 contains 2, ch^ (22/2) = {P a \ae A). 
Proof. (1) implies T = N, and thus \φ\ ^ \π(R/N)\ = \π(R/T)\ by 3.4. Conversely, \φ\ ^ \π(R/T)\ implies the finiteness of φ, since άim R (R/T) < oo. Thus, T is the intersection of a finite number of corpoidal ideals K ly --,K n and none of these is superfluous. Thus, by [15, Th. 2.3], E(R/T) ~ ®7=iE(R/K i ) f whence \φ\^\π(E R (R/T))\ = {{EAR/KJ, ---,E R (R/K n )}\ = n = |ch(Λ/Γ)| £ |*| .
Hence φ = ch R (R/T), and therefore all prime ideals of R are corpoidal. THEOREM 
The following properties of the ring R are equivalent:
1) Every left R-module can be imbedded in a direct sum of copies of the left R-module E B (R/N*).

I (a) R is left noetherian. (b) Every left R-module is admissible. (c) S(R/P) = C(R/P) for every prime ideal P of R. J(a) R is left artinian. l(b) Every left ideal containing J is two-sided.
I (a) E and J[ commute. (b) E and 0 commute. (c) E R (R/N*) is a cogenerator in the category R^f . ί(a) R is left noetherian. l(b) Prime ideals of R are maximal left ideals. Γ(a) T=N. (6) \ (b) The number of prime ideals of R is finite.
ί(c) R has the maximum condition on nil left ideals.
I (a) R has the minimum condition on principal left ideals. (b) A left ideal is small if and only if it is generated by finitely many nilpotent elements. (8) R is a reduced left artinian ring.
Proof. (1) -> (2): If d denotes the cardinality of E R (R/N*)
, then every module is contained in a direct sum of modules generated by d elements. By [5, Th. 3.3] , this implies the maximum condition on left ideals. Since R/N* is semi-prime, iV* is the intersection of the prime ideals P 19 •••, P n associated with the left iϋ-module R/N* (see Proposition 3.2).
If P is any prime ideal, then P e ch (R/P) S ch (®E(R/N*)) = ch(R/N*) 9 and so ch (R/N*) is the set of all prime ideals of R. Therefore, every prime ideal is maximal by Proposition 3. 
.3] that E(R/N*) ~ ®UE{RIPi).
Since by [11, Hilfssatz 2.4 and Lemma 2.5] admissibility is inherited by injective hulls and direct sums, it follows that E(R/N*) is admissible, so all left iϋ-modules are admissible by (1) . Since prime ideals are maximal, it follows from [11, Hilfssatz 4.1] that prime ideals are maximal left ideals. Thus S(R/P) = R/P = C(R/P) for all prime ideals P, since the heart of a nonzero module over a left noetherian ring is nonzero by [13, Propriete 3.3] .
(2)->(3): If P is a prime ideal, it follows from (2) and [11, Lemma 3.5] that R/P a S(R/P) = C(R/P) a P r (R/P) = R/P. By Proposition 2.2, there exists a sequence 0 = LoC^c cL Λ = R of left ideals and a set of prime ideals P o , P 1? , P Λ-1 such that A/A-i R /Pi-! for all i = 1, , w. Since SiR/P^ = R/P iy and since jR/P, is left noetherian, each of the modules R/Pi possesses a finite composition series, so R is left artinian. It follows from Proposition 3.1 that every prime ideal is a maximal left ideal. Assume, not every left ideal containing J is two-sided. Let L be minimal in the set of all left ideals containing J which are not the intersection of prime ideals. Since R is left artinian, J = N = Π?=ι P%> where the P { denote the prime ideals of R. Let M be maximal in the set of all left ideals containing J and being properly contained in L. Then M = P x Π Π P m with m tί n, and it may be assumed that L §£ P 1# Since P 1 ΓiL = M and P x is a maximal left ideal, it follows that Let {Mi |ie/} be a family of left J?-modules and let / be wellordered. For x = Πiei^e J\ ieI E(Mi), xg ILe/^f;, let χ i Σ be the first among the components x { of x for which ^ίJlίj, and let Li = {reifflra^elfij. From M h^E (M h ) it follows that there exists an element τ x e A such that 0 ^ r^ e Λf iχ . If, for i > i 1? there exists a component ^ of a; such that r^ g ikf t and Li n (x, )/ c{r e L x | ro;,-e ΛfJ, let # ί2 be the first such component, and let Continuing in this way, we obtain a strictly descending chain of left ideals L n , n = 1, 2, . Since R is left artinian, there exists a natural number n > 0 such that for i > i n either r^ e M t or L w Π (x*)s = {r e L M | r^ 6 ΛfJ.
Since Mi C E(Mi), the second case implies L n Xi = 0, whence r n a? f = 0. By construction, r^eJIίi for all i ^ i Λ and r Λ a? <Λ ^ 0, so 0 Φ r n xe Y[ ieI Mi.
Thus, JJieiMi is a large submodule of i\ ieI E{Mi), which implies (4a). (4)-»(5): It is well-known (see [3, Proposition 4 .1]) that (5a) follows from (4b). By 3.2, iV* is the intersection of the prime ideals P k (k = 1, •• ,n), associated with the left i?-module R/N*, and this intersection is irredundant. If P is any prime ideal, then R/P £ UE(R/N*) = E(Π.R/N*) by (4b) and (4c), whence Pe ch (Π^W*), and thus P Ξ2 P k for some k. Furthermore, there exists an element a = UXi€ΪίR/N* with P = (Rx) /y whence P = f)(RXi)s S (Rxύs for all i, so P is contained in one of the prime ideals associated with R/N*. Thus, P = P k , so ch R (R/N*) is the set of all prime ideals of R. Consequently, all prime ideals are maximal, and it follows from the definition of AT* that they are also completely prime, so E R {R/N*) is admissible by [15, Th. , P n , then the factors of the sequence are simple left i?-modules, so R/J is a semi-simple ring with minimum condition. Since every left ideal contained in J is nil, it follows from (6c) that J is a noetherian left i?-module, so R is left noetherian. Thus, / is nilpotent, and therefore in particular Γ-nilpotent in the sense of Bass (see [1] ). This implies (7a) by [1, Th. P]. By [16, Hilfssatz 3.5] , every small left ideal is contained in / and hence nil. Thus, a small left ideal is generated by finitely many nilpotent elements because of (6c). Conversely, it follows from N = T that every nilpotent element is contained in N, and therefore it generates a nil left ideal. Thus, every left ideal generated by a finite number of nilpotent elements is small by [16, Satz 3.7] . (7) - (8): By [20, Satz 1] , J is nil. Thus, if n is nilpotent modulo J, n is nilpotent, whence Rn is small and thus contained in J by [16, Hilfssatz 3.5] . Thus, R/J has no nonzero nilpotent elements, and since R/J has minimum condition on principal left ideals, it follows from [6] that R/J is a direct sum of division rings. By [16, Satz 3.7] , every left ideal contained in J is small and therefore finitely generated. Thus, J is a noetherian left ϋ?-module, which implies the maximum condition on left ideals in iϋ, since R/J is semi-simple with minimum condition by [1, Th. P]. Therefore, J is nilpotent, and since jyj ί+1 is a noetherian left jR-module and a completely reducible left i?/J-module for all positive integers i, the left iϋ-module J has a composition series, and is therefore artinian. Together with the minimum condition in R/J this implies the minimum condition on left ideals in R. 
(T(R)) φ S T(Rφ) = T(R/J) = 0, whence T(R) = J.
Since R is left artinian, N = J, and R has only finitely many prime ideals by 3.4, so every prime ideal is corpoidal. Thus, every left i?-module is admissible, and it follows from 2.7 that every indecomposable injective left J?-module is of the form E R (R/P), where P denotes some prime ideal of R. Since N = N* = / = Γ, it follows from [15, Th. 2.3] that every injective indecomposable left iϋ-module is isomorphic to a submodule of E R (R/N*).
Since a left noetherian ring is characterized by the property that its injective modules are direct sums of injective and indecomposable modules, this implies (1). REMARK 3.7. In Theorem 3.6 the conditions (1) and (4) can be replaced by conditions (1*) and (4*) which originate from (1) and (4) if we replace JV* by T. Because of 3.6(5) and ΛΓ* g T it is clear that (1*) follows from (1). Likewise (4*b) and (4*c) follow immediately from (1*) by means of [5, Th. 3.3] . Since the number of prime ideals of R is less than or equal to the cardinality of π(E(R/T)) by (1*), it follows from 3.5 that every prime ideal is corpoidal, proving the minimum condition on left ideals in J? by 2.2. The proof from (3) to (4) in Theorem 3.6 shows that this implies (4*a). The proof from (4*) to (5) is nearly the same as the proof from (4) to (5) in Theorem 3.6, and Theorem 3.6 shows that (5) implies again (1).
The question arises whether in (1) and (4) of 3.6 the radical AT* can also be replaced by smaller radicals like J or N. The following simple example shows that this is not true in general. If R is semisimple with minimum condition, the Jacobson radical J, the Koethe radical K, the Levitzky radical L and the lower Baer nil radical N are all equal to zero, and E( R R) = R R is a cogenerator in the category of left iϋ-modules, and R satisfies also conditions (4a) and (4b) of 3.6. In general, however, R is not a direct sum of division rings. REMARK 3.8. Since C(R/P) = S(R/P) for every prime ideal P of a reduced left artinian ring R, and since every injective indecomposable left .B-module is of the form E R (R/P) for some prime ideal P, the question arises, whether S(E) = C(E) for every injective indecomposable left j?-module E. According to [11, 3.10] Then R has the following left ideals (see [12, Example 9. The prime ideals S, T and P are maximal left ideals. Since PJ= 0 and J -Ra, it follows that P = (Ra)/, whence P = a/, since P is a maximal left ideal. Thus, J= Ra~ Ra/ = R/P. Since J is a large i?-submodule of H, E R {J) Φ J. If 0 Φ x e J, it follows that x/ = P, so #/ is not large in R since P(ΊC α = 0. Hence
. If, however, R is a commutative artinian ring with identity, then R is reduced, and furthermore R has the property that heart and socle coincide for every unitary left i?-module. Thus, the question arises, which additional conditions a noncommutative left artinian reduced ring must satisfy to permit the same conclusion. An answer to this problem is given in the following section. Proof. As a maximal ideal P is primitive, whence RZDP a J 3 0, which implies 0aP r (E) £Ξ J r (E) S E. By [19, Lemma 1] , this implies J r (E)/P r (E) ~R Horn, (P/J, E). If 0 Φ <p e Horn* (P/J, E), then it follows from P r (E) S' E that ch ((P/J)φ Π Pr(#)) ^ 0. Thus there exists a nonzero element xe (P/J)φΓ\P r (E) with P = (Rx)/, whence (P\J)/{ (PjJ)φ)/ £ (ϋte)/=: P. Since, by 3.4, R has only finitely many prime ideals P, Q λ , •••, Q n , and since they are all primitive by assumption, it follows that p/j = p/PnQ.n --nQn-iP + iQ^-nQ ))/QiΠ nQ whence Q x Π Π Q« = (P/J)/ S P? contradicting the maximality of the prime ideals of ί?. Thus, Hom^ (P/J, £/) = 0, whence J r (£7) = P r (E). 
(E) Φ C(E)
. If x is a nonzero element in C(E) such that the submodule Rx of C(E)/S(E) generated by x = a; + S(£ r ) is minimal, then Q = α/ is a prime ideal by Theorem 3.6. By Theorem 2.7, E ~ E R (R/P) for some prime ideal P. By [13, Th. 3.1], %/ is maximal in the set {e^|0 =£ eei?}. The admissibility of i? implies that P is contained in this set, whence x/$L P, since otherwise ay = P and thus a; G P r (jE) = S(JS). Since R has an identity, a?^ is contained in some maximal left ideal Q γ Φ P of R, which is a prime ideal by 3.6. From Qx Q S(E) = P r (E) it follows that PQQx/^Q,, whence Q = Q,. Since PJx g PQx = 0, (3b) implies that also JPa; = 0, whence Px S J r (jδ7) = P r (£7) by 4.1. Thus, P 2 C Qi, a contradiction. Hence S(£7) = CίjB) for every injective indecomposable module J?, which implies (4b) by [11, 3.10] .
(4) -* (5): If L is an irreducible left ideal, then L is tertiary, and ter L -P is a prime ideal. If K is maximal in the set of Ptertiary left ideals containing L, then K is irreducible by [12, Th. 
